Abstract : From the combination of the quantum mechanics principles with the properties of the quantum Minkowsky space time and its quantum Lorentz symmetries, we show how to derive physical properties in the noncommutative special relativity. We investigate the states describing evolution of particles in the quantum minkowsky space time from which we establish the principle of causality in the noncommutative special relativity and the q-deformed analog of the lifetime dilatations of unstable particles. It is also demonstrated that only the velocity observable and one of its components can be measured exactly and simultaneously. In addition, these observables present discret spectrums.
Introduction
Physics provides many examples where a given theory describes well only a limited class of phenomena and desagrees with other phenomena beyond this class which need a more general theory for their description. In general, the latter involves new fondamental constant which can be viewed as a kind of deformation parameter. The old theory can be recovered in the limit where the new fondamental constant vanishes. The special relativity and the quantum mechanics provide most famous examples of such a theory generalization. The special relativity may be regarded as a deformed theory of Galilei's relativity where the deformation parameter is the inverse of the velocity of light and the quantum mechanics is a deformed theory of the classical mechanics with the Planck constant as deformation parameter. In the other hand, in view of the enormous and unsuccessful effort to overcome the divergence difficulties in the relativistic quantum field theories, it is believed that the framework of special relativity has to be changed. The above considerations make especially interesting the study of the noncommutative special relativity in the frame of the quantum Minkowsky space time and its symmetries under the quantum Lorentz transformations. In this paper, we show how one can derive physical properties of the noncommutative special relativity by associating the principles of the quantum mechanics with the properties of the quantum Lorentz group and the quantum coordinates of Minkowsky space time. This paper is organized as follows: In section 2, we recall the basic properties derived from the correspondence between quantum SL(2, C) and Lorentz groups developped in [1] . In section 3, we consider separable Hilbert spaces H on which the generators of the Hopf algebras corresponding to the quantum Lorentz symmetries and the quantum Minkowsky space time are represented by operators belonging to B(H). The structure of the commutation rules between the generators of the Lorentz symmetries and the coordinates of the Minkowsky space time permits us to introduce the velocity operator and to study the boost from which we establish the q-deformed analog of the lifetime dilatation formula of unstable particles. In section 4, we follows the investigation of the Hilbert space states to describe the evolution of particles in the quantum Minkowsky space time. The principle of the causality in the noncommutative special relativity is discussed. It is also shown that only the velocity observable and one of its components can be measured exactly and simultaneously. In addition they present discret spectrums. We conclude this paper in section 5 by constructing the quantum Lorentz subgroup of the three dimensional rotation of the space coordinates leaving the time coordinate invariant. In this framework, we deduce the properties of quantum spheres.
The quantum Lorentz group
To explore the different properties of the quantum Lorentz group and the quantum Minkowsky space time, it is very convenient to represent the generators Λ ⋆ = Mβ α of the quantum SL(2, C) group which is well known. We recall, In this section, some basic properties derived from the correspondence between quantum SL(2, C) and Lorentz groups developped in [1] . The unimodularity of M [2] where a = 0 is a real number satisfying ε αβ ε αβ = −(a + a
= δραδσ γ ), the Hecke conditions (R ± + a ±2 )(R ± − 1) = 0 and the Yang-Baxter equations [3] . Besides commutation rules between undotted or dotted generators only, we need to specify commutation rules between undotted and dotted generators which are controlled by R matrix proportional to f β ±α (Mδ γ ) = R ±δβ αγ which we assume it takes the form of the R matrix of the quantum SU(2) group. More precisely, the generators M 
is an invertible and hermitian quantum metric. It may be expressed in terms of the four matrices σ is the identity matrix, as
where σ 
where I L is the unity of the algebra L. The completeness relations are given by σ 
where X I are real elements of the right invariant basis of a bimodule M over the algebra L which transform under the left coaction
As for the quantum SL(2, C) group, there exist linear functionals
where a ∈ L and the indices a, b = ±. These functionals satisfy (
The properties of these functionals also guarantee the symmetrization of the Minkowsky metric in the quantum sens
) satisfy the Yang-Baxter equations and the cubic Hecke conditions
In following we shall consider the right invariant basis X I = X +I as a quantum coordinate system of the Minkowsky space time M equipped with the metric G IJ = G IJ + . X 0 represents the time operator and X i (i = 1, 2, 3) represent the space coordinate operators. We also denote the algebra generated by the coordinates X I by M. It is shown in [1] that the norm of the quantum vector of coordinates X I , G LK X L X K , is biinvariant central and real. Since it commutes with everything, it is of the form −τ 2 I L where τ 2 is a real number.
The lifetime dilatation in the quantum Minkowsky space time
Before to show how to derive physical properties from noncommutative special relativity, let us investigate the properties of the R matrix and its consequences on the different commutation rules. In terms of R matrices of quantum SU(2) group and the Pauli matrices, the R matrix may be written as
By writing the R matrices in terms of projectors P
Aρδ we may rewrite the R matrix as a sum of four projectors [4] [5] 
where R T is the quantum trace projector, R S is the traceless part of the quantum symmetrizer and R A and R A are the selfdual and antiselfdual parts of the quantum antisymmetrizer given respectively by
and satisfy
The quantum symmetrization of the coordinates may be written, from the right relation of (4), as
or, With the help of the development of the R matrix in terms of projectors, as [4] 
To make explicit calculation of the different commutation rules, we will see further that the following adequate choice of Pauli hermitian matrices
and the spinorial metrics ε αβ = −ε αβ = εβα = εβα = 0 −q
0 presents a great advantage which arises from the fact that, in this representation, we have σα
In fact, we shall see that these properties make explicit the restriction of the quantum lorentz group to the quantum subgroup of the three dimensional space rotations by restricting the quantum SL(2, C) group to the SU(2) group. From this representation of the Pauli matrices and the spinorial metrics, the form of the quantum metric G LK exhibites two independent blocks, one for the time component X 0 and the others for space components X k (k = 1, 2, 3) as
. Its inverse is given by
In the classical limit q = 1, this metric reduces to the classical Minkowsky metric with signature (−, +, +, +). Let us recall that as a range of the functionals f 
and
from which, we get
Thus, as a consequence of (9), the relation (3) gives, for 
This relation reduces to
for N = 0. From the right relation of (4) and (9), we get
Finally, from (6), a straighforward computation gives the commutation relations between space coordinates as
By setting Z = X 1 + iX 2 and Z = X 1 − iX 2 into (16-18), we obtain
and the norm G IJ X I X J = −τ 2 I may be written of the form
We are now ready to discuss the measurability of different physical observables derived from quantum Minkowsky space time and its quantum symmetries by using the principles of quantum mechanics. First we observe that the relations (12) and (14) show that Λ 0 0 commutes with the algebras L and M, then it is a real c-number. Therefore, as in textbooks of special relativity we set Λ 
which shows, because γ q is a real c-number, that the norm of the velocity, −
, is also a real c-number and
This relation suggests that the velocity of the light is q −1 . It is the upper limit of |v q | since Λ
⋆ is a real and positive operator, γ q > 0. This point will be discussed a little more in the next section. Now, we show how the measurement of observables represented by the quantum coordinates as the time and the distances transform under a quantum boost. To make that, we observe that we are in presence of two quantum algebras, one L corresponds to the quantum symmetries and the other M is generated by the quantum coordinates of the Minkowsky space times. Since the symmetries are expressed through the left coaction (2) as a tensor product L ⊗ M, we consider the space states of positive norm as a tensor product H L ⊗ H M of two separable Hilbert spaces in which the algebras L and M are represented respectively. To specify these states, we consider the set of commuting elements of algebras L and M. They are the time component X 0 , the proper time τ 2 and one of the space components, for example X 3 , for the algebra M and the norm of the velocity and V 3 for the algebra L. Therefore any state of the Hilbert space may be written under the form of tensor product of a state labelled by x 3 , t (assumed positive) and τ 2 which are eigenvalues of the common eigenstate |x 3 , t, τ 2 of X 3 , X 0 and τ 2 and a state labelled by v 3 and the norm of the velocity |v q | 2 eigenvalues of the common eigenstate |v 3 , |v q | 2 of V 3 and −q
Then any state of the Hilbert space is of the form
At this stage there is no relation between the space coordinates and the components of the velocity. So (25) may be interpreted as the quantum analog of the configuration space of the classical machanics. Now suppose that an observer O lookink at a clock at rest will see two ticks separated by a space interval x n = 0 and a time interval t. In this context, our system is described by a state |P = |Sym q ⊗ |0, t, τ 2 satisfying
For a second observer O ′ connected with the observer O by a quantum Lorentz transformation, the coordinate system tied to O ′ is given by X ′ I = ∆ L (X I ) = Λ K I ⊗ X K and acts on the states as
where we have used the fact that, because of the homogeneous feature of the commutation rules (16-18), |0, t q , τ 2 is the state which is a common eigenstate of X 1 , X 2 and X 3 with vanishing eigenvalues. This does not desagree with (22). In the next section, we shall show that this rest state is unique. Since X ′ I and V I fulfil the same commutation rules (16-18) of X I , for the component i = 3, (30) gives
Note that we have assumed t ≥ 0 and since γ q ≥ 0 then t ′ ≥ 0. In the other hand the invariance of the proper time τ 2 gives
which is the q-deformed lifetime dilatation of unstable particles in the noncommutative special relativity.
In the semi classical limit
where v cl denotes the classical velocity. Then the correction to the classical formula of the lifetime dilatation is given by
and the distance contraction formula is given by
where ∆(x q ) is the real eigenvalue of the norm of the three vector of space coordinates which, as the time coordinate, commutes with everything.
the Hilbert space a little more. Note that for fixed time and γ q , we see from (22) and (24) that X i and V i are represented by operators belonging to B(H). Let |x 3 , t, τ 2 be a common eigenstate of X 3 , X 0 and τ
From (19-21), we deduce that the states |n, x 3 , t, τ 2 and | − m, x 3 , t, τ 2 given by
are eigenstates of X 3 with eigenvalues given respectvely by
In following we shall assume that q > 0. Therefore it is easy to see that these eigenvalues satisfy
then for 0 < q < 1 (q > 1), Z and Z are lowering (raising) and raising (lowering) operators for the engenvalues of X 3 . To establish the conditions on the eigenvalues x 3 , we consider the relations
obtained from (22) and the commutation relation (19). Since the states must be of positive norm, these relations imply
where
From (30), we can replace X i by V i t into the norm of the vector X I to get q
. The conditions (44a-b) define the interval of the eigenvalues x 3 in which it is possible to construct states of positive norm belonging to Hilbert space. To define this interval, we begin to give the roots of (44a-b)
The reality of
It is not very difficult to see that x 
The relation (47b
the relation (47a ′ ) gives the same condition (48) on γ q . This relation is necessary for the existence of Hilbert states of positive norm (physical states), hence the causality principle in noncommutative special relativity which states that there exist physical states only for real velocities in the range 0 ≤ |v q | ≤ c q = q −1 .
, is an eigenvalue of the eigenstate |x 3 , t, τ 2 of X 3 . If we consider the state | − m, x 3 , t, τ 2 eigenvector of X 3 with eigenvalue q −2m
03 , since the state norms are positive, necessary
Since the operator Z decreases the value of x 3 , it exists a number r ∈ N + such that 
By setting (49) into (50), we get
from which we obtain
On the other hand, if we consider the state |n, x 3 , t, τ 2 eigenvector of X 3 with eigenvalue
, we have necessary
Since the operator Z increases the value of x 3 , there exists a number s ∈ N + such that s Z...Z |x 3 , t, τ 2 is a eigenstate of X 3 with eigenvalue x (a)+ 03
By setting (53) into (54), we get
which is equivalent to (51). Therefore γ 2 q is quantized and given by
where L = 0, 1, 2, ..., ∞. By substituting (55) into (49), we get the states |x
, t, τ 2 where
and n = 0, 1, ..., L. Note that if we set L = 2l and m = l − n we can rewrite the states as |x
, t, τ 2 eigenstates of X 3 with eigenvalues
, 1, ....∞ and m runs by integer steps over the range −l ≤ m ≤ l. The substitution of (55) into (53) gives the same states with the same eigenvalues (56). Following the same analysis as above, we can show that the case q > 1 gives the same results for γ q (33) and for x 3 (56). From (24) and (31) we deduce the quantization of the velocity as
) and v
In the semi-classical limit, q = 1 ± κ + O(κ 2 ), the component v 3 takes the values
Discussions and conclusions
In this paper, we have seen that the combination of the quantum mechanics principles with the properties of the quantum Minkowski space time and its quantum Lorentz transformation make possible the description of the evolution of particles in the noncommutative special relativity. From the quantum boost, we have established the principle of causality and the q-deformed analog of the lifetime dilatation formula for unstable particles from which we see that
dimensional space R 3 spanned by X i . These transformations leave invariant the time coordinate X 0 . In fact, as a consequence of (7) and (8) which is an irreducible three-dimensional representation of SU q (2) considered in [7] . In the other hand if we replace Z = Qe 1 , X 3 = e 0 , Z = Qe −1 , λ = (q − q −1 )t = (q − q −1 )X 0 and ρ = q −2 t 2 − q − 1 2 τ 2 into (19-22) we retrieve the algebra of the quantum spheres given by (2a-e) of [7] . In the framework developped above, the states |x (n) 3 , t, τ 2 whose eigenvalues are given by (59-60) (case τ 2 = 0) represent a basis of the Hilbert space where the quantum sphere algebra is represented. The fixed time t represents the ray of the sphere.
